Using Abelian bosonization with a careful treatment of the Klein factors, we show that a certain phase of the half-filled two-leg ladder, previously identified as having spin-Peierls order, instead exhibits staggered orbital currents with no dimerization.
I. INTRODUCTION
One of the most intriguing phases of strongly correlated electrons is known variously as the ''orbital antiferromagnet,'' 1-3 the ''staggered flux phase,'' 4 -9 or the ''d-density wave.'' 10, 11 It is characterized by circulating currents which produce local magnetic moments aligned in an antiferromagnetic ͑staggered͒ way. As a consequence, timereversal symmetry as well as translational and rotational symmetries are spontaneously broken. Another phase, the ''circulating current phase,'' 12 is somewhat similar, but does not break translational symmetry. These phases have received considerable attention lately, due to their possible relevance to the pseudogap region in the phase diagram of the cuprates. 12, 11 A recent neutron scattering experiment 13 on underdoped YBa 2 Cu 3 O 6.6 has been interpreted 14 as evidence for these staggered orbital currents.
In this paper we focus on the half-filled two-leg ladder, which is the simplest system that can support the staggered flux ͑SF͒ phase ͑see Fig. 1͒ . As the order parameter of this phase breaks a discrete (Z 2 ) symmetry, the possibility of true long-range order ͑LRO͒ of the currents is not a priori excluded at zero temperature in this one-dimensional system, in contrast to the situation for order parameters that break continuous symmetries, which causes their correlations to exhibit at most quasi-LRO with power-law decay.
For weak interactions, the ladder can be treated using bosonization and the perturbative renormalization group ͑RG͒. For this case, the SF phase has been found in the phase diagram for spinless electrons at half-filling. 15 Furthermore, away from half-filling, regions with dominant tendencies toward SF ordering have been found both for spinless 16 and spinful 17 electrons. Note that for general ͑i.e., incommensu-rate͒ fillings, true LRO of the currents is not possible due to the absence of Umklapp interactions ͑see Sec. V for a more detailed discussion͒. The results for the doped ladder with and without spin were summarized in Ref. 18 , which also investigated the effects of disorder.
Here we are concerned with the SF phase for spinful electrons in a weakly interacting half-filled two-leg ladder. In contrast to the other weak-interaction studies mentioned so far, in the approach used here the nearest-neighbor hopping parameters t Ќ and t along the rungs and legs, respectively, can be of the same order. We reanalyze the nature of a specific phase found in Ref. 19 , and demonstrate that this phase, previously identified to be of spin-Peierls ͑SP͒ type, actually exhibits staggered orbital currents with no dimerization, and therefore in fact is the SF phase. In contrast to the infinite-U half-filled case, where the constraint of no double occupancies makes the currents an unobservable gauge artifact, the LRO currents found here are observable. Furthermore, since all excitations are gapped, the SF phase at half-filling is insulating.
We perform our calculations using Abelian bosonization, paying careful attention to the Klein factors in this formalism. 20, 21 As a check of our treatment, we also reproduce the identification of the CDW phase found in Ref. 19 . Furthermore, we show that our results are consistent with those found for the doped ladder. 18 The paper is organized as follows. In Secs. II and III we discuss the ladder model and its continuum limit and bosonized form, closely following the approach of Ref. 19 . In Sec. IV we define various local order parameters, derive their bosonized expressions, and calculate their expectation values in the SF phase. The results are discussed further in Sec. V. Some of the technical details have been placed in two appendices.
and Fourier transforming along the leg direction, the kinetic energy becomes diagonal in momentum space, describing two uncoupled bands with dispersion e/o (k)ϭϪ2t cos ka ϯt Ќ , where a is the lattice constant. Taking t Ќ positive, the even ͑odd͒ combination gives a bonding ͑antibonding͒ band. We consider a half-filled system and t Ќ Ͻ2t, in which case the Fermi level is at zero energy and crosses both bands, thus giving rise to four Fermi points Ϯk Fe/o which satisfy k Fe ϩk Fo ϭ/a. We will assume weak interactions and focus on the lowenergy, long-wavelength properties of the model, so that we may linearize H 0 around the Fermi points. It will be most convenient to work with a coordinate-space representation of the Hamiltonian. For this purpose we decompose the band operator c s (m) (ϭe,o) into a sum of left-and rightmoving slowly varying ͑on the scale of the lattice constant͒ continuum fields,
where xϵma. The linearized kinetic energy can then be written H 0 ϭ͐dxH 0 , where
In this expression and throughout the paper it is understood that products of fermionic ͑and bosonic͒ operators that may be evaluated at the same point are to be normal-ordered. The bare Fermi velocity v F is the same for both bands and is given by v F ϭaͱ(2t) 2 Ϫt Ќ 2 .
B. Interactions
The continuum description of general, but weak, finiteranged, spin-independent interactions, to leading order in the interaction strengths, was carefully discussed in Refs. 19, 22, and 23. One can restrict attention to terms which are both marginal ͑i.e., consisting of four-fermion interactions with no spatial derivatives͒ and nonchiral ͑i.e., containing two rightmoving and two left-moving fermions͒. These terms can be classified according to whether they conserve momentum or not. The Hamiltonian density for momentum-conserving terms reads
͑2.5͒
Here f and b refer to forward and backward scattering processes, respectively, and
where x , y , and z are the Pauli matrices. The following general symmetries hold: b eo ϭb oe and f eo ϭ f oe , where ϭ,. To avoid double-counting, we set f ϭ0. At halffilling the model also has particle-hole symmetry, which implies b oo ϭb ee , leaving six independent couplings of this type.
Half-filling also allows for non-momentum-conserving ͑i.e., Umklapp͒ terms. The Hamiltonian density for these interactions reads
where ē ϭo and ō ϭe. Here we have defined
where ⑀ϭϪi y . We may take u eo ϭu oe since I P ϭI P and I P ϭϪI P . The latter result also implies I P ϭ0, so that we can take u ϭ0. In addition, particle-hole symmetry gives u ee ϭu oo , leaving three independent Umklapp couplings. Thus a total of nine independent coupling constants must be taken into account in this model of the half-filled two-leg ladder.
III. BOSONIZATION
In the Abelian bosonization formalism, 20, 21, 24 the fermionic field operators Ps can be expressed in terms of dual Hermitian bosonic fields s and s as 25
where ⑀ is a short-distance cutoff, and PϭR/LϭϮ1. The bosonic fields satisfy the commutation relations 
͑3.3͒
Note that the Klein factors used here are Hermitian ͑instead of unitary͒, since we follow the common procedure of neglecting the number-changing property of the Klein factors in the thermodynamic limit. 20 Charge and spin operators are now defined as
with similar definitions of the operators. We also define
where rϭϮ and ϭ,. Again, similar definitions apply to the operators. Both Eqs. ͑3.4͒ and ͑3.5͒ are unitary transformations, which implies that the commutation relations for the new sets of operators are of the same type as those in Eq.
͑3.2͒.
Next we consider the bosonized form of the Hamiltonian density HϭH 0 ϩH I (1) ϩH I (2) , which is most succinctly expressed in terms of the variables r and r . The kineticenergy density reads
The momentum-conserving part of the interactions can be written
Here A r ϭh ͓b ee ϩr f eo ͔ with h ϭ1, h ϭϪ1/4. Furthermore,
with b eo Ϯ ϭb eo Ϯ4b eo and ⌫ ϭ e↑ e↓ o↑ o↓ . Finally, the bosonized form of the Umklapp interaction density reads
Since the Hermitian operator ⌫ obeys ⌫ 2 ϭI, ⌫ has eigenvalues ⌫ϭϮ1. Furthermore, since ͓H,⌫ ͔ϭ0, H and ⌫ can be simultaneously diagonalized.
IV. THE STAGGERED FLUX PHASE

A. Pinned fields
Numerical integration of the one-loop RG equations for the couplings shows 19, 22, 23 that some of the couplings remain small, while the others grow ͑sometimes after a sign change͒ and eventually diverge. The weak-coupling RG flow must be cut off before it leaves the regime of its perturbative validity. The ratios of the diverging couplings at the cutoff scale are found to approach fixed constants in the limit of asymptotically small bare couplings, with different sets of ratios corresponding to different phases of the ladder. In the SF phase b ee and b ee are negligible, while the diverging couplings are given by 19
͑4.1͒
The resulting low-energy effective Hamiltonian can be mapped onto an SO͑8͒ Gross-Neveu model, whose integrability may be exploited to extract the exact energies, degeneracies and quantum numbers of all the low-energy excited states. 19 However, for our discussion, a semiclassical reasoning will suffice. Since the single coupling constant g flows toward large values, in the semiclassical ground state the bosonic fields in the Hamiltonian will be pinned to values which minimize the cosine interaction H I (1b) ϩH I (2) . Note that this argument would not be valid if the cosine interactions were to contain both the dual fields Ϫ and Ϫ , since then the uncertainty principle would forbid both fields to be pinned. However, Ϫ disappears from the cosine interaction because b ee is negligible and b eo ϩ ϭu eo ϩ ϭ0. The pinned fields are then ϩ , ϩ , Ϫ , and Ϫ . Since all four bosonic modes r are pinned, the SF phase has no gapless excitations at half-filling.
The possible solutions for the pinned fields are found by minimizing ͗⌫͉H͉⌫͘, where ͉⌫͘ is the eigenstate of ⌫ with eigenvalue ⌫ ͑these solutions will depend on ⌫, but the physics will of course not, as will be seen explicitly in Sec. III B͒. There are infinitely many solutions for the pinned fields that minimize ͗⌫͉H͉⌫͘. However, this multitude of solutions is only apparent; taking into account the fact that the bosonic fields are not gauge-invariant, it can be shown that there are only two physically distinct ground states. 19 The pinned-field configurations that we will use to specify these ground states are given in Table I .
B. Order parameters
In this subsection we explicitly show that the phase characterized by the couplings in Eq. ͑4.1͒ is not of spin-Peierls type with a (,) modulation in the kinetic energy, 19 but instead is the SF phase. We first define the relevant order parameters. The fundamental definition of the current operator comes from interpreting the Heisenberg equation of motion for the number operator
as a discretized continuity equation. We will assume that the SF phase is a low-energy phase of a lattice Hamiltonian whose interactions commute with n l (m). This is, e.g., the case for density-density and spin-exchange interactions.
Then the components of the current operator take their conventional forms ͑see Fig. 2͒ j
Furthermore, the local kinetic-energy operator is
For completeness, in our discussion we also include the number operator n l (m) itself, since we will later check that our calculations reproduce the results for the CDW phase found in Ref. 19 . Next we outline the derivation of the bosonized expressions for these order parameters. It will be convenient to define an auxiliary operator,
Then j l (m)ϭitaG l (m,1,Ϫ1), k l (m)ϭϪtG l (m,1,1), and n l (m)ϭG l (m,0,1). The continuum version of G l (m,u,v) will contain products of type : Ps † (xϩua) P Ј Ј s Ј (x):, i.e., with the argument of the field operators differing by a lattice constant when uϭ1 ͑here we have temporarily included the normal-ordering symbol explicitly͒. One can safely Taylorexpand within the normal-ordering symbol to obtain : Ps
͑note that due to the normal-ordering, all order parameters will be measured with respect to their values in the noninteracting ground state͒. For now, we only keep the zeroth-order term in the Taylor expansion, and comment briefly on higherorder terms later. We find
The expectation value of the normal-ordered longwavelength density Ps † Ps is zero. Bosonizing Ps † Ϫ Ps produces exponentials containing the fields ϩ , ϩ , Ϫ and Ϫ . Bosonizing Ps † P s produces exponentials containing the fields Ϫ , Ϫ , Ϫ and Ϫ . Since Ϫ and Ϫ are dual to the pinned fields Ϫ and Ϫ , respectively, they will fluctuate strongly due to the uncertainty principle, and the expectation value of exponentials of these fields will vanish. We are therefore left with a term which contains products of type Ps † Ϫ P s . Bosonizing this produces exponentials containing the four pinned fields, so this term will have a nonzero expectation value.
Next consider j Ќ (m). Its continuum expression only contains products of type Ps † P s and Ps † Ϫ P s . Thus only the latter product will contribute to the expectation value of this operator. Note that in order to calculate j Ќ (m) no Taylor expansion is necessary, since both fermion operators are taken at the same value of m from the outset.
Using k Fe ϩk Fo ϭ/a and 2t cos k Fo aϭt Ќ to simplify expressions, we find
͑4.11͒
Here we have defined the operator The expectation value of F p (x) is independent of x. It then follows from Eqs. ͑4.8͒ and ͑4.9͒ that if currents exist, they will flow around the plaquettes in a staggered pattern as shown in Fig. 1 . Current conservation is expressed by
͑see Fig. 2͒ . Since expression ͑4.9͒ for ͗ j l (m)͘ only contains the zeroth-order term in the Taylor series expansion of the field operators, we conclude from Eq. ͑4.13͒ that the higherorder terms do not contribute to the plaquette currents. The bosonized expression for F p (x) can be written 
͑4.17͒
Here we have suppressed the ⌫ dependence of the expectation values appearing after the summation sign. This expression can now be evaluated for the ground-state configurations for the SF phase in Table I 
͑4.18͒
where the upper ͑lower͒ sign refers to ground state SF 1 ͑SF 2͒. Furthermore, ͗F 1 (x)͘ vanishes identically, so that there is no modulation in neither ͗k l (m)͘ nor ͗n l (m)͘. We have also shown that the first order contribution to ͗k l (m)͘ is zero in the SF phase. 26 Finally, we note that the ground-state degeneracy can be broken in a formal way by adding to the Hamiltonian a term proportional to the order parameter. Thus, for the SF phase, one can let H→HϪ j Ќ (1), where is an infinitesimal constant. Depending on whether ѥ0, ground state SF 1 or SF 2 will have the lower energy. The small imaginary-valued symmetry breaking term perturbs the purely real-valued Hamiltonian, selecting a particular ground state which is intrinsically complex-valued with large imaginary components in the many-body amplitude.
V. DISCUSSION
As an additional check of our calculations, we have also reproduced the results for the CDW phase found in Ref. 19 . In this phase, the signs of b eo , b eo , and u ee are opposite to the ones given in Eq. ͑4.1͒. The same bosonic fields are pinned as in the SF phase, but their expectation values are different. The CDW phase also has a twofold-degenerate ground state; the pinned-field configurations we have used are listed in Table I . The rest of the calculation is identical to the one presented in Sec. IV, including the calculation of B in Appendix B. Our results for ͗F p (x)͘ for the CDW phase are summarized in Table II . We find that ͗F 1 (x)͘ is nonzero and real, so that ͗n l (m)͘ is modulated. This phase has no currents, since ͗F Ϫ1 (x)͘ϭ0. Table I . The physical properties of these states are seen to be independent of the ''gauge'' ⌫, as they should be.
Ground state
Ϫ4 0 fact that ͗ s s ͘ is purely imaginary affects whether ͗F p (x)͘ is real or imaginary, which in turn determines whether the expectation value of a given order parameter that depends on ͗F p (x)͘ will be nonzero; see Eqs. ͑4.8͒-͑4.11͒.
In this paper we have used the so-called ''field-theoretic'' bosonization. 24 We have also performed the calculations using the more rigorous ''constructive'' bosonization 21 ͑however, we still neglect the number-changing property of the Klein factors͒. In the latter approach, Eq. ͑3.2b͒ is replaced by ͓ s (x), Ј s Ј (xЈ)͔ϭi(/2)␦ Ј ␦ ss Ј sgn(xϪxЈ). Consequently, the anticommutation between right-and left-moving fermions with the same band and spin indices must now be taken care of by the Klein factors, which therefore acquire an additional R/L index. As a result, 12 different products ⌫ i of four Klein factors appear in the Hamiltonian. One must identify all relations between the ⌫ i , as these relations put restrictions on the permissible sets of eigenvalues ⌫ i . 20 Thus the treatment of Klein factors is more complicated than in the field-theoretic approach, where a single operator ⌫ appears. However, the final results for the expectation values of the order parameters are found to be the same. 26 Our results imply that the SF phase occurs in the phase diagram of a weakly interacting general SO͑5͒ invariant model on the half-filled two-leg ladder. 19 However, the basin of attraction of the SF phase is not restricted to have SO͑5͒ symmetry. In fact, for all bare couplings studied in Ref. 19 , including attractive interactions that break SO͑5͒ symmetry, it was found that the RG flow goes to the SO͑5͒ subspace, where the SF phase is one of the ''attracting directions.'' It would be very interesting to undertake a complete exploration of the parameter space, to see if the SF phase could possibly be reached from purely repulsive off-site densitydensity interactions, supplemented by various spin-exchange interactions.
Next, we discuss the possibility of SF order away from half-filling. For generic incommensurate fillings, Umklapp interactions are absent. Thus the total charge mode ϩ will be gapless ͑making the system metallic͒, so that ͗exp(i ϩ )͘ will vanish. The currents will then only show quasi-LRO. 17, 18, 27 Strictly speaking, the system is then no longer in the SF phase, but shows a dominant tendency toward SF ordering. On the other hand, for commensurate fillings, higher-order Umklapp interactions are present, 28, 29 so that if these interactions are not irrelevant, 30 ϩ may be pinned, making true LRO possible. These conclusions are consistent with those obtained from symmetry arguments: In the absence of Umklapp interactions, the Hamiltonian is invariant under the continuous symmetry ϩ → ϩ ϩc ͑i.e., the constant c can take arbitrary values͒, and pinning of ϩ is forbidden by the Mermin-Wagner theorem. This theorem no longer applies when Umklapp interactions are present, since then the symmetry is reduced to a discrete one ͑i.e., c can only take particular values͒.
Finally, we show that our results for the half-filled SF phase are consistent with the results obtained for the doped ladder for generic incommensurate fillings. In Table II of  Ref. 18 the values of the three pinned fields in the phase with dominant tendency toward SF ordering are taken to be ͗ ϩ ͘ϭ/2, ͗ Ϫ ͘ϭ0, ͗ Ϫ ͘ϭ0. Using the SF couplings in Eq. ͑4.1͒, and taking ⌫ϭϪ1, one sees that these expectation values of the pinned fields indeed minimize H I (1b) , and also H I (2) at half-filling when ͗ ϩ ͘ is taken to be an odd multiple of /2.
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͑A7͒
This result is consistent with es os being an anti-Hermitian operator, thus having a purely imaginary expectation value. In order to determine the matrix elements, one can, e.g., fix the two diagonal matrix elements for one of the spin directions. The other matrix elements are then determined from Eqs. ͑A3͒ and ͑A5͒. In this paper we choose to set ͗⌫͉ e↑ o↑ ͉⌫͘ϭϩi.
Finally, we consider the space spanned by the states ͉n;⌫͘ defined in Sec. IV B. The completeness relation in this space reads ͚ n ͚ ⌫ϭϮ1 ͉n;⌫͗͘n;⌫͉ϭI. ͑A8͒
We will also need the matrix element 
͑B2͒
where w 2 ϭ24g/(⑀ 2 ), and
Furthermore, we have defined ϩ ϭ ϩ Ϫ͗ ϩ ͘ etc. for the pinned fields, and ϩ ϭ ϩ etc. for the fields dual to them. Written in terms of these fields, H r is independent of ⌫ ͑and also of whether we consider the SF or CDW phase͒. Clearly, H Ϫ can be obtained from H ϩ by letting ϩ → Ϫ and ϩ → Ϫ . In addition,
Thus all Hamiltonians H r are equivalent. It therefore suffices to consider, e.g., H ϩ . We expand the fields as with q ϭͱu 2 q 2 ϩuKw 2 .
Next we consider the ground-state expectation value of exp͓ic ϩ (x)͔, where c is an arbitrary c-number. Let
where ⌽ ϩ (⌽ ϩ † ) contains the annihilation ͑creation͒ part of ϩ . The ground-state expectation value can be written
In actuality the coupling constant g is not constant up to arbitrarily high momenta. Rather, g is really a function g(q), with g(q→0)ϭg, and g(q→ϱ)ϭ0. It follows that u, K, and w also become momentum dependent, and q acquires an additional momentum dependence. Thus a more correct expression for the commutator is
For simplicity, we will assume that there is a characteristic momentum cutoff 1/⌳ such that for qӶ1/⌳, g(q) is well approximated by g, and for qӷ1/⌳, g(q)Ϸ0. Multiplying the integrand by ͓e Ϫ⌳q ϩ(1Ϫe Ϫ⌳q )͔, we then approximate g(q)Ϸg in the term containing e Ϫ⌳q , and g(q)Ϸ0 in the term containing (1Ϫe Ϫ⌳q ). With ⌳ӷ⑀, this gives
where zϵ⌳wͱK/u. Here H 0 (z) is a Struve function, and Y 0 (z) is a Bessel function of the second kind. Due to the equivalence of the Hamiltonians H r , we have ͗e ic ϩ ͘ϭ͗e ic ϩ ͘ϭ͗e ic Ϫ ͘ϭ͗e ic Ϫ ͘.
͑B13͒
It then follows from Eq. ͑B9͒ that the expectation value in Eq. ͑4.16͒ is independent of s and d , as these variables are restricted to be Ϯ1. Denoting this expectation value by B, we find
The ⑀ in the prefactor cancels the 1/⑀ in the prefactor of Eq. ͑4.17͒. In the unpinned limit (g→0), BϷͱ24g/v F →0, while in the limit of maximum pinning (g→v F ),
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